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Equivalent Circuit for Partially Dielectric-Filled

Rectangular-Wave3uide Junctions

C. T. M. CHANG

Abstract—The problem of electromagnetic-wave propagation in
junctions between two symmetrically, partially dielectric-filled wave-
guides was investigated, and the solution is presented in the form of
a two-port equivalent circuit, This equivalent circuit includes an ideal
1:1 transformer, which is connected to transmission limes with imp-
edances equal to those of the two waveguides, in cascade with a T
network. Elements of the T network and the characteristic wave
impedances of these partially dielectric-filled waveguides have been
studied, and the results are presented in graphs for dtierent dielec-
tric constants, slab thicknesses, and operating frequencies.

I. INTRODUCTION

I

N RECENT YEARS there has been growing interest in

waveguide sytems containing sections of partially di-

electric-filled rectangular waveguides. Considerable lit-

erature has been devoted to the study of the different char-

acteristics of partially dielectric-filled waveguides [1 ]– [10]

and their applications to various microwave devices [11 ]–

[15]. In many of these applications, the partially dielectric-

filled waveguides are fed by empty waveguides and are some-

times terminated into another empty waveguide. Therefore,

it is important that the characteristics of the junctions be-

tween the empty and partially dielectric-filled waveguide be

studied so that some impedance-matching techniques [16]

may be developed to minimize reflections at different loca-

tions along the waveguide system.

Earlier, several attempts [4], [17 ]- [19] were made to ob-
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tain the equivalent circuits for a number of empty to partially

dielectric-filled rectangular-waveguide junctions employing

various modified schemes of variational methods developed

by Schwinger [20]. However, only a few crude calculations

using simplified equivalent circuits were presented, and they

were justified by comparing their results to reflection measure-

ments. The reflection from a waveguide junction is caused by

the change of the characteristic wave impedances across the

junction, as well as the junction reactance, which are due to

the stored energy in the nonpropagating modes at the junction.

The reflections given in the examples in these earlier works

were caused primarily by the former. Therefore, it becomes

difficult to extract the small effect due to junction reactance

from the experimental measurements and make an accurate

comparison.

In the present work we report an investigation of dielec-

tric-filled waveguide junctions in six different arrangements.

It is found that despite their differences in geometries, they

can all be represented by the equivalent circuit of Fig. 1(g).

The effects of dielectric constants, thickness of dielectric

slabs, and operating frequencies on various equivalent circuit

parameters were studied and compared so that some general

properties of these junctions could be understood.

Since this work is stimulated by the development of a

microwave discharge chamber [21 ] that is partially dielectric

filled and is operating in the dominant transverse electric

(TE) mode,’ present investigation is limited to junctions in-

1 It should be noted that modes propagating inside a partially dielec-
tric-filled waveguide are, in general, a mixture of regular TE and TM
modes of the rectangular waveguide (see [1]).
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Fig. 1. Geometries (shown in top view) and the equivalent circuit of the
partially dielectric-filled rectangular-waveguide junctions. (a) Empty
to side-slab-filled waveguide junction. (b) Completely filled to side-
slab-filled waveguide junction. (c) Junction between two side-slab-
filled waveguides. (d) Empty tocenter-slab-fdled waveguide junction.
(e) Completely filled to center-slab-filled waveguide junction. (f)
Junction between two center-slab-filled waveguides. (g) Equivalent
circuit for junctions shown in (a)–(f).

volving TE modes. In the next few sections, the junction

between an empty waveguide and a side-slab-filled waveguide

[Fig. l(a) ] is chosen to describe the method by which the

problem is attacked. Some of the important relations of TEti

modes in side-slab-filled waveguides are presented in Section

II for reference. In Section III a unit field is incident on the

junction, expanded into two complete sets of orthogonal

modes, and matched at the junction. With the aid of a matrix

inversion, the complex amplitudes of the modal expansion are

obtained and the field problem is thus completely solved. In

many instances, only the knowledge of the transmitting and

reflecting coefficients of the propagating modes is required. It

is convenient to represent a junction by a microwave network

so that its effect may be separated from those of the input and

output circuits and may be studied by employing a minimum

number of parameters. This is done in Section IV. With the

restriction that only one mode is allowed to propagate in

each waveguide, the junction is adequately represented by a

two-port network. This is further divided into two cascade

networks to separate the effects due to the discontinuity in

the characteristic impedance and the junction reactance.

Numerical computations and results of the investigation are

presented in Section V for the junction of Fig. 1(a) and are

extended to the junctions of Fig. 1 (b)–(f) in Section VII.

Several experimental measurements are also presented in

Section VI for comparison.

11, THE TE MODES IN PARTIALLY DIELECTRIC-

FILLED WAVEGUIDES

For TE~ modes the electric field is

Ez = A mFm(y) e~jhmz (1)

and the magnetic fields are

H, = ~ E./Z. (2)

and

(3)

where the upper and lower signs apply to waves propagating

to the right and to the left, respectively, lz~ is the propagation

constant of the mth mode, and the field distribution with

y-symmetry2 is given

1
F.(y) = —

~2A~(’J

“{sin c2~r cos y%y,

cos~fi(l -~)sina~(l– lyl), l–r< [yl <1 (4)

~= 1,3,...

by

o<\y\<J– T

and

Z-m = kono/km (5)

where

no = (/Jo/co) 1’2 ko = (27rj/c). (6)

Here, PO, CO,and c are the permeability, the permittivity, and

the speed of light in free space, respectively, f is the operating

frequency, and am and y~ are the separation constants in y.

The matching of fields across the dielectric interfaces de-

mands that

fyn tan y~(l — 7) = am cot cx~r. (7)

Also, am and y~ satisfy the following relations:

ffmz — -ymz = (G. — I)koz (8)

and

am 2 – wym’ = (G – l)hmz. (9)

The normalization constant An(l) is obtained from the

orthogonal relatio”n

s

1

F~(Y) Fm’ (Y) dy = kn~ (lo)

–t

where b~~, is the Kronecker delta function.

III. THE FIELD PROBLEM OF A WAVEGUIDE JUNCTION

As shown in Fig. 1(a), the junction under consideration is

chosen to be a junction between a partially dielectric-filled

waveguide and an empty waveguide. These two waveguides

meet at z = O and are extended to — co and + M, respectively.

~ Modes with even m are antisymmetric. They do not enter into the
present analysis.
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With an electromagnetic wave incident from z=–ce, the

field is represented by

WL=I,3, . .

and

H =~($e-jh~z _ “
II

ZI
X’ ~-fm(y)e’h”” (12)

71 L=1,3,... m

for z <O, where f~(y) = Fn(y), and

and

for z >0, where the incident field is assumed to be unity;

an’ and h.’ are amplitudes and propagation constants of the

TEon mode in a rectangular waveguide: Z.’= kOqO/kn’, and

‘n(y)‘+cos[(w-’f?l ‘1”

The primes on the summations represent the sums over odd

indexes only. The even (TE) modes are not excited due to the

y-symmetry of the junction.

By matching EC and Hv at z = O, after the proper applica-

tion of orthogonal relationships, one obtains

l–al= f’ U.’Pi. (16)
?J= 1,3,...

(17)

a. = ~’ an’p.,., form = 3,5,7,... (18)
7L=1 ,3,...

am
—— .

~=,~~ .~ %., form =3,5,7, o 0 0 (19)
z. n

where

s1

Pmn = .fm(y)gdy)dy.
–t (20)

Equations (16)–(19) represent two infinite sets of linear equa-

tions with two infinite sets of variables. They may be re-

written in matrix form. The two infinite sets of variables am

and am’ may be obtained from matrix inversion. However,

(16)-(19) can be simplified by eliminating am and can be com-

bined into

5’ ~(1+$) Pmnan’= L% (21)
n=l,3, . . . n

Thus a~’ may be obtained from (21) by inverting the matrix

of infinite order (versus 2 X infinite order for the previous

case). One can also obtain am from

m
,1

E -(

z.

a. =
)

1 – ~ pm.a.’,
?l=l,3, . . . 2.

405

(22)

IV. THE EQUWALENT CIRCUIT REPRESENTATION

Following the previous discussion, the field problem is

now converted into a circuit representation in the form of

Fig, 1(g). Since the characteristic impedances Z, and ZZ of

the two waveguides are known, the scattering matrix of the

ideal junction (represented by the ideal 1:1 transformer

between AA’ and CC’) is obtained from

(23)

With the aid of (23), the incident fields UI and Uz and the

reflected fields vl and Vz at the terminals CC’ and BB’ of the

junction-reactance network (the T network) in Fig. 1 (g) are

obtained from the following simple transformation:

7)2(1)= al’ (24)

where al and al’ are the reflected and transmitted coefficients

of the waveguide system, respectively.

By definition, the scattering coefficients of the junction-

reactance network satisfy

VI = Sllul + S12U2

V2 = S21UI + S22U2. (2.$

To specify the j unction-reactance network completely, the

field problem must be repeated with a unit electric field in-

cident from z = ~ . The fields at terminal CC’ and BB’ are

again related to the new al’ (reflection coefficient) and al

(transmission coefficient) by

VI(2) = al/T12

Superscripts 1 and 2 are added to u, and Vi, where ~= 1, 2, in

(24) and (26) to indicate whether the Ui and vi are calculated

from fields incident from z= – w and z=+ ~, respectively.

Hence, the scattering coefficients of the junction-reactance

network can be solved from (25). Note that 1) since the junc-

tion-reactance network is reciprocal, an independent check is

automatically provided from the relation SIJ= .Ss1; 2) since

the relative positions of the two cascade networks are arbi-

trarily chosen, identical results can be obtained by inter-
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Fig. 2. Normalized characteristic wave impedance zo of the side-slab-
filled waveguides [the partially filled ones shown in Fig. l(a)-(c)]
versns normalized slab thickness 7/1 for different dielectrics.

changing the relative positions; 3) since the field of the TEOl

mode is no longer purely a sine wave, the equivalent voltage

and current are defined to be the sum of the incidence and

reflected E. and the difference of the incidence and reflected

Hu of the dominant mode at each point along the waveguide

system, respectively,

The scattering-matrix representation is further converted

into aT network. The conversions are [22]

2s1/22 = (1 + .$11 – S22 – S11S22 + S122 – 2s12q/D

zsz/zz = (1 – SI1 + SM – SIISM + SM2 – 2S122)/D

Ymz2 = D/(2s12) (27)

where D = 1 — .S11— .sZZ+S1l.SZZ— S122 and 21 and Zz are the

characteristic wave impedances of the partially dielectric-

filled and empty waveguides, respectively.

V. NUMERICAL COMPUTATIONS AND RESULTS

The success of our calculation depends on the ability to

approximate the infinite matrix ~~n [~~(1 + (.%/Z~’))4~~]

given in (21). Since the higher order modes generated at the

junction are expected to vanish for large m and n, it is sug-

gested that the infinite matrix may be truncated and sub-

stituted by an llth-order matrix in the actual computation.

The accuracies of the first few a.’ will then depend on whether

sufficient terms are included in a given approximation. Using

the completeness relation

~’ p~n2 = 1, for?n = 1,3,5, . . . (28)
n=l,3, . . .

as a gauge, the IV-term approximation can be qualitatively

measured.

Due to the lack of an analytical method for estimating

errors in the above approximation, the accuracies in a given

calculation are established quantitatively by comparing the

junction-network parameters obtained from the IV-term and

(IV+ 1)-term approximations. The separation constants am

and -ym (which may be either real or imaginary) were calcu-

lated by locating the intersects of (7) and (8) for a given fre-

quency using Descartes’ rule of signs.

All calculations were performed in double-precision arith-

metic on IBM 360. The matrix-inversion subroutine is carried

0.,

0:

% 0.;

0.

I I I I

t=8.255cm

2tlk=0.691

O.c
0.0 0.2 0.4 0.6 0.8

rll

Fig. 3. Curves of – XI (dashed) and x2 (solid) versus 7/1 for empty to
side-slab-filled waveguide junction [geometry of Fig. 1 (a)].
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Fig. 4. Curves of b~ versus 7/1 for an empt y to side-slab-filled
waveguide junction.

out by using the Crout method and was written by B. S.

Garbor of the Argonne National Laboratory. Both the series

impedances Zsl and 2s2 and the shunt admittance Y,. are

found to be imaginary and converge to certain limits. Their

values obtained from the 20- and 21-term approximations

agree to better than 10_G. These impedances and the admit-

tance were normalized to the characteristic wave impedance

of the empty waveguide with the same dimensions at the

same frequency, and are presented as —jxl, jx2, and —jb~
in the figures throughout this paper.

Computations of the effect of the dielectric thickness on

the normalized characteristic wave impedance ZO[=2./20

(empty guide) ] of the partially filled waveguides are presented
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Fig.5. Normalized &aracteristic wave impedanm z0versusnormafized
frequency (21/h) curves for 1) side-slab-filled waveguide with 7/1

= 0.5, 2) center-slab-filled waveguide with 7/t = 0.3, and 3) completely
filled waveguide. Thedielectrics employed are Rexolite.
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Fig. 6. Typical curves of xl, w, and &versus 2t/Xfor a junction shown
in Fig. 1(a). Note the rapid increases of xl and xz just below the cutoff
of TEOS mode of the partially dielectric-filled waveguide near 21/1
=1.1.

in Fig. 2 for Rexolite (6,=2.56), quartz (e, =4.0), beryllia

(G=6 O), and alumina (c. =9.0) at 1.255 GHz (21/h =O.691).

With ZI = zo (of Fig. 2) and ZZ- 1, the reflection due to the ideal

transformer in Fig. 1(g) is specified. The corresponding xl,

x.2, and bm curves for these dielectrics are presented in Figs.

3 and 4.

The effect of changing operating frequency for a given

waveguide junction is presented in Figs. 5 and 6 for Rexolite.

The top curve in Fig. 5 [labeled r/1= 0.5 (side)] shows that

zo for the partially dielectric-filled waveguide increases, reach-

ing a maximum value near 21)X= 0.9, and drops off slightly

thereafter as the frequency is increased U(= c/h) is repre-

sented by a dimensionless variable 21/X]. The equivalent

TABLE I

Rexolite slabs
e. = 2.56
T/f = 0.5796

Alumina slabs
c . 8.2r
TII = 0.2773

—
f’cdf (GHz] pm... exact d/dLapp,ox,—

1.255 1.40 1.446 1.45?, 3.15

—

2.4 1.72 1.629 1.643 5.19

2.6 1.52 1.504 1.527 3.91

2.8 1.50 1.452 1.496 3.07

3.0 1,59 1.417 1,505 2,43

3.2 1.68 1.370 1.540 1.s7
—

graphs for other dielectrics are similar to those of Figs. 5 and

6 and are not presented.

From these graphs one concludes the following.

1) The junction-reactance network causes no reflection

when the field distribution functions of the two waveguides

across a junction become identical (see the region at r/1= 0.0

and 1.0 in Figs. 3 and 4). However, reflection would still

occur due to the difference between a and $2.

2) The series reactance at the side of the more heavily

loaded waveguide is capacitive, the series reactance at the

side of less heavily loaded waveguides is inductive, and the

shunt admittance is inductive and is normally the major con-

tributor to reflection among the three elements of the junc-

tion-reactance network [see Fig. l(g) ].

3) As the dielectric constant q of the slabs increases, xl,

x2, and b~ become larger (see Figs. 3 and 4) and the normalized

characteristic wave impedance ZL of the more heavily loaded

waveguide decreases (see Fig. 2), Thus the reflection due to

the waveguide junction is also increased.

4) The series reactance xl and m increase rapidly as the

operating frequency approaches the cutoff of the next higher

order mode (TE03 mode for our case) of the more heavily

loaded waveguide. Thus despite the small dielectric constant

in the slabs. the reflection due to the iunction-reactance net-

work can still be considerable at the region immediately

below the cutoff of the TEOS mode of the more heavily loaded

waveguide.

5) Above the cutoff of TEo, mode of the more heavily

loaded waveguide, where both TEO1 and TE03 modes may

propagate (see regions of r/1> 0.85 for e,= 6.0 curves and

T/1>0.65 for e,=9. O curves in Figs. 3 and 4, or regions of

21/A >1.1 in Fig. 6), the two-port network representations is

no longer valid. No values of x1, x.2, and & in these regions

are given.

VI. EXPERIMENTAL MEASUREMENTS

To verify the above calculation experimentally, a slotted

waveguide was first connected to a matched source and termi-

nated into a matched load (with VSWR < 1.03). Two identical

Rexolite slabs were fabricated and placed at the two sides of

the slotted waveguide. The semi-infiite geometry of Fig.

1(a) was simulated by matching the partially dielectric-filled

waveguide to the source using a partially dielectric-filled im-

pedance transformer [16]. Measurements were also carried

out at S-band frequencies for alumina slab loading to observe

the effect of larger c,. The measured VSWR, p~,~, is tabulated

in Table 1. Also tabulated in Table I are two columns of calcu-

lated VSWR, P..1. The first of these was obtained by using the
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full equivalent circuit of Fig. 1(g). The second column is an

approximate calculation with the effect of junction reactance

neglected. Agreements between pm,., and PC21are good. Devia-

tions of p~.a. from the exact calculation of P.. I occur only

toward the higher frequency end, where the attenuation

length dL of the lowest evanescent rno~e in the transformer

0.0
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x
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0.0(

“’\: Ii

:.004
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\.
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i.

\.
\

I
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Fig. 9. Typical curves of XI, XZ, and bm with 7/1 for a junction between
two side-slab-filled waveguides [see Fig. 1(c)] with e,= 2.56. The slab
thickness in one waveguide is fixed at T’/J = 0.5. Note that the signs of
the series reactance chanxe at T/1=0.5, where the second waveguide
becomes more heavily Ioad>d than the fi&t one.
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Fig. 10. CUIVeS of xl, x2, and bm versus r/1 for a junction between two

side-slab-filled waveguides with e,= 9.0. Note that the junction pa-
rameters are large for materials with large dielectric constanta.

section becomes comparable to the length d of the transformer,

and the input matching transformers employed in these

measurements become less effective. The ratios of d/dL are

listed in the last column as references. Comparisons between

the exact and approximate calculations in Table I also show

that most of the reflections from the above junctions come

from the ideal transformer, and the inclusion of the junction ‘

reactance in our calculation tends to reduce the reflection

from that of an ideal transformer.

VII, EXTENSION INTO OTHER KINDS OF RECTANGULAR-

WAVEGUIDE JUNCTIONS

The modal-expansion matrix-inversion method of the

previous section can be readily applied to several different
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Fig. 11. Normalized characteristic wave impedance zo of the center-
slab-tilled waveguide [the partially dielectric-filled ones in Fig. l(d)-

(01 versus normalized dielectric thickness 7/1 for different dielectrics.

junctions. They are shown in Fig. l(b)–(f). For these new

geometries, the field-distribution functions j~(y) and gn(y)

are replaced by the appropriate field-distribution functions

[F~(y) for the partially dielectric-filled waveguide, and cosine

functions for empty or completely filled waveguides]. Several

of these functions, together with their respective dispersion

relations, are presented in the Appendix, The corresponding

Am(l) and@~nare also defined by(lO) and (20). For geometry

shown in Fig. l(b), the characteristic impedanceszl andzz of

the two waveguides are give by the well-known formula for

the filled waveguide or bythezO curves in Fig. 2 for partially

filled waveguides. Theparameters~l, x*, and bmforthecom-

pletely filled to partially filled junctions [Fig. l(b)] with

q.=2.56 are given in Fig. 7 for different thicknesses r/Z andin

Fig. 8 for changing frequency.

Similar graphs of xl, x2, and b~versus r/l for the junction

with the geometry of Fig. l(c) are shown in Figs. 9 and 10.

In these figures, r’/l = 0.5 is chosen in one waveguide so that

xl, x2, and bm are maximized when the second waveguide is

either empty or completely filled with dielectrics (i,e,,

r/1 = O or 1). Note that the reflection due to a junction with

large dielectric step (i.e., large I# –I- I /1) can be greatly re-

duced by replacing it with several junctions, which are sepa-

rated approximately by a quarter wavelength and have

smaller dielectric steps. The method for impedance matching

using partially dielectric-filled waveguides is presented else-

where [16].

Other waveguide junctions involving center-slab-filled

waveguides [shown in Fig. l(d)–(f) ] were also investigated.

In these waveguides, slabs are placed at locations where E.

and Hu due to the propagating (TEoJ mode are high. The

loading due to the thin slabs in these waveguides becomes

more effective, and the characteristic wave–impedances of

them (shown in Fig. 11) drop off rapidly at small r/1 (com-

pare Fig. 11 to Fig. 2). A typical curve of zo versus 21/X for a

center-slab-filled waveguide is also given in Fig. 5 [labeled

r/Z = 0.3 (center)]. The effects of dielectric thickness (~/1)

and frequency (2Z/X) on xl, x2, and bm are given in Figs. 12–18.

Careful examination of these figures shows that des~ite their

differences, the five-point conclusion given in Secti& V can

still be applied to junctions given in Fig. 1 (b)–(f). Moving the

0.15

x

0.10

L! cc= 9.0 1’

0.05 -

O“OO.O 0.2 0.4 0.6 0.8
T/f

Fig. 12. Curves of –%1 (dashed) and %2 (solid) versus T/1 for an empty
to center-slab-filled waveguide junction [see Fig. 1(d)].
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0.2

E.0
#

0.1

0.0,

er=9.0

i =8.255 Clll

2~/k=O.691

cr=6.0

~

●,= 4.0

&
) 0.2 0.4 0.6 0,6

T/t

Fig. 13. Curves of bm versus r/1 for an empty to center-slab-filled wave-
guide junction. Note that the peak of bm is at T/Js 0,3 (compare to
Fig. 4).

side slabs to the center of the waveguide also causes the peaks

of bm curves to shift from r/i =0.5 to T/Z= 0.3.

VIII. CONCLUSION

The partially dielectric-filled waveguide junctions have

been investigated, and the results were presented in the form

of parameters of the equivalent circuit. Effects of different

dielectric constant e,, dielectric thickness r, operating fre-

quency f, and the physical location of the dielectric slabs

(geometry) on these parameters were studied and presented in

graphs. Several general characteristics are found to be applied

to all six geometries and are presented in Section V. With
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Fig. 14. Typical curves of xl, x2, and bm versus 21/h for an empty to
center-slab-filled waveguide junction.
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Fig. 15. Curves of xl, x2, and b~versusrll fora completely filled to
center-slab-filled waveguide junction [see Fig. l(e)] with e,=2.56.

these basic understandings, an impedance-matching tech-

nique for partially dielectric-filled waveguide systems can be

easily developed. Since the modal-expansion matrix-inversion

method is generaI in nature, it is expected to apply to other

types of partially dielectric-filled j unctions as well.

A~PI%~DIX

FIELD-DISTRIBUTION FUNCTIONS AND DISPERSIONS OF THE

PARTIALLY DIELECTRIC-FII.LED WAVEGUIDES

1) With dielectric slabs at the sides and real y~, the field

distribution function and dispersion are given by (4) and (7).

2) With dielectric slabs at the sides and imaginary

‘Ym( =j?’m’)

211A

Fig. 16. Typical cuves of S1, X2, and bm versus 21/h for a complete] y
tilled to center-slab-filled waveguide junction.

I A
0.04

1

●r=256

[i

004

1=8.255 cm ,/

2.Z/X=0691 /’
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Fig. 17. Curves of XI, %2, and bm versus T/1 for a junction between
two center-slab-tilled waveguide junctions [see Fig. 1(f)] with
e,=2..56.

1
F.(y) = —

~2A~{’j

{

sin am~ cosh y~’y, o<lyl<l–l-
.

cosh~m’(l –r)sina~(l– Iy\), 1–7< Iyl <1

w=1,3,. .. (29)

and

Y~’ tanh ~m’(1 — T) = — am cot cYmT. (30)

3) With a dielectric slab at the center and real ~m
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Fig. 18. Curves of xl, xZ, and bmversusr/l fora junction between two
center-slab-filled waveguide junctions with +=9.0. The parameters
are large at large lr’—~l/l for this e,,

1
F.(y) = —

~2A~c’j

“{sin y~(l — r) cos C2my, o<]y/<T

cos a~7 sin -y~(l – \ y l), T<lyl<z

?VZ= 1,3... (31)2

and

(32)

4) With a dielectric slab at the center and imaginary

-h(=j%n’)

1
F.(y) = —

d2Am(’)

and

“{sinh Ymf(l — r) cos any, o<ly\<T

cos amT sinh ym’(1 — y), T<lyl<z

Wcl,s,...

-yin’ coth ~m’(1 – T) = am tan amT.

(33)

(34)
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